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Coherent light reflected from an optically rough surface produces a grainy interference pattern known as a speckle field. A speckle field carries information about the surface it originates from, so much so that changes to the surface profile through applied stress [1, 2] , motion [3] [4] [5] [6] [7] , or object surface slopes [8] can be detected by monitoring the resultant variation in the field. While an imaging system is often used for speckle metrology, alternative optical systems [described by using the linear canonical transform (LCT)], have been shown to be useful for estimating simultaneous in-plane translation and surface tilting [3] [4] [5] [6] [7] , as well as allowing the user greater control over sensitivity and dynamic range of the measuring system. Speckle decorrelation [4, 5] effects can also be minimized.
An important characteristic of speckle fields is the so called lateral and longitudinal speckle size. Studies have shown that this speckle size is dependent on the propagation distance, z (from the illuminated rough surface), the wavelength of light, , and the size of the illuminating spot [9, 10] or scattering aperture [11, 12] . These studies use a Fresnel transform (FST) to propagate the light field from the optically rough surface or between two phase-space planes [13] . By using the LCT instead of the FST we derive the corresponding speckle size expressions for general paraxial systems. We proceed by following the work of Leuschake and Kirchner [9] . However, for brevity we only present a 1D analysis.
A slit, p͑x 0 ͒, at an optically rough surface is illuminated by coherent radiation. The reflected light passes through an optical system consisting of an arbitrary number of lenses and distances of free space to the output plane [4, 5] . Such a system (we assume the lenses are effectively infinite in extent) can be described using a LCT [4, 5, 14] , and the field in the output plane is
where the parameters A i , B i , D i are related to the particular ith optical system [4, 5] , A i D i − B i C i = 1, indicating a lossless transform, and u͑x 0 ͒ is the field at the rough surface. As in [9] , we wish to find the autocorrelation function of the intensity of the light distribution, I i ͑x͒ = ͉U i ͑x͉͒ 2 , which is given by the ensemble average
where J A ͑x , x͒ is the mutual intensity of the fields after two different LCT transforms (LCTs 1 and 2) and is defined as
where the LCT1 and LCT2 subscripts refer to the particular LCT transform and * denotes complex conjugate. We now make three assumptions: (i) The speckle field is fully developed and ͗u͑x 0 ͒u
(iii) ͗I͑x͒͘ and ͗I͑x͒͘ are slowly varying and approximately equal to each other. Thus, a study of J A ͑x , x͒ is sufficient to describe the decorrelation of the speckle field [9] .
With these assumptions and after some manipulation Eq. (3) can be rewritten as
with dimensionless variables
To represent Eq. (4a) in a normalized form, we introduce the correlation coefficient of intensity, I . From Eqs. (9) and (11) of [9] we find that
Equations (4) and (5) are statistical relationships that describe the mutual correlation of LCT fields in different domains. This has been discussed in a different context elsewhere for fractional Fourier transform (FRT) systems [15] . An analytical solution for Eq. (5) exists, and we plot the results in a contour plot in Fig. 1 . The function I ͑␣ , ͒ varies from 0 Ͻ I ͑␣ , ͒ Ͻ 1 in 11 steps. Clearly, as ␣ and vary from zero, I decreases and the speckle field decorrelates. We now define when the speckle field is considered decorrelated by using two criterion; lateral and what we term phase-space speckle size. The phase-space speckle size can be considered a generalized longitudinal speckle size [9, 10] ; however, as we will see below, it can also define the maximum distance that a lens in some lossless optical system can be moved before the speckle field at the output plane decorrelates. Since, in general, (longitudinal) decorrelation can occur even though the input and output planes are stationary, we use the term phase-space speckle throughout the rest of this Letter.
Lateral Speckle Size (⌬ A =0, ⌬ B = 0). Lateral speckle size refers to the maximum distance that the output plane can be translated along the x axis before the speckle fields are decorrelated. Importantly, the LCT system is left physically unchanged between observations. Therefore, ⌬ B = ⌬ A = 0. From Eq. (4b), we see that in this case = 0 and ␣ = L␥ / B 1 . The first minimum of I ͑␣ ,0͒ = ͉sin͑␣͒ / ␣͉ 2 occurs when ␣ min = . Solving I ͑␣ min ,0͒ for ␥, we define the lateral speckle size, ␥ LS , as
From Eq. (6) we see that the lateral speckle size can be controlled by changing the variable B 1 , which, in turn can be achieved by using combinations of lenses and free space. Phase-Space (General Longitudinal) Speckle Size ͑␥ =0͒. We now compare the speckle field at the output plane of two different LCT systems (i.e., in different domains). We assume that the output plane is not translated between observations; thus ␥ = 0. Nevertheless, in general, ␣ 0, and so I is still a function of both ␣ and . To define when the field is correlated we first convert to polar coordinates ͕ , ͖, such that ␣ = cos͑͒, = sin͑͒. For a particular value of , the first local minimum of the function I ͑ cos͓͔ , sin͓͔͒ can be found numerically. Repeating this procedure for 0 Ͻ Ͻ 2 traces out what we propose to term the boundary of correlation (BOC), depicted in Fig. 1 . I is not constant over the BOC but varies from a value of 0 at ͕␣ , ͖ = ͕3.14, 0͖ to 0.24 at ͕␣ , ͖ = ͕2.01, 3.43͖. Any values of ␣ and that lie outside this BOC are thus defined as being uncorrelated. We now examine the three separate systems: (i) the FST, (ii) a single paraxial lens system, and (iii) an optical FRT system.
Fresnel Transform. For the special case of free space propagation, the LCT parameters reduce to A 1 = A 2 =1, B 1 = z , B 2 = z. If we further assume that zz Ϸ z 2 and x = 0, then we find that ␥ LS = z / L and SS = 7.31͑z / L͒ 2 , where SS is the longitudinal speckle size. These results are consistent with those derived by Leuschake and Kirchner [9] . For an optical system with z = 20 cm, L = 10 cm, and = 633 nm, ␥ SS = 1.26 m, and SS =18 m. Now we set x = 8 mm, and from Eq. (4b) we can see that ␣ is no longer zero; however, we do note that both ␣ and vary as a function of the difference z − z. This can be conveniently expressed in the form of a parametric plot (referred to as the FST) which we overlay on Fig. 1 (solid black  line) . By examining the point of intersection of the FST with the BOC, a value for both ␣ and can be found, which we refer to as the decorrelation point (DP). From Eq. (4b) an equivalent value for SS can be calculated. In this case SS = 18.5 m ϳ 103% of the on-axis value, indicating that the speckle field decorrelation is not strongly affected by x, once x Ͻ ± 8 mm.
Single-Lens System. We now consider a single-lens (SL) system with a fixed distance S between the input and output planes [5] . We first show that the lateral speckle size is dependent on the lens position. Then, with ␥ = 0, we determine the phase-space speckle size; i.e., we examine how the speckle field in the output plane decorrelatates as a function of lens position. The A and B parameters for this system are given by [5] 
From Eq. (7) we can see that B 1 is a function of the lens position, z l . Using Eqs. (6) and (7), it is clear that ␥ LS can be varied. In a real optical system (L = 10 cm, f = 10 cm, and = 633 nm) this means that 1.15Ͻ ␥ LS Յ 79 m when 0.01Ͻ z l Յ 0.15. We now wish to examine how the system decorrelates as a function of ⌬ A and ⌬ B . We introduce a new variable ⌬z l defining the distance that the lens has been moved between observations. From Eqs. (4b) and (7) , ⌬ A and ⌬ B can be expressed as a function of ⌬z l . Setting L = 10 cm, = 633 nm, S = 20 cm, and f = 10 cm, we examine two cases: SL1 where z l =17 cm and x = 0.1 mm, and SL2 where z l = 5 cm and x = −0.1 mm. In Figs. 2 we plot the variation of ␣ and , respectively, as a function of ⌬z l for systems SL1 (dashed) and SL2 (solid). Both ␣ SL1 (dashed) and ␣ SL2 (solid) increase at similar rates; however, SL2 (solid) increases more quickly than SL1 (dashed), and so we expect that the SL2 system will decorrelate more quickly. The results in Fig. 2 have again been expressed as a parametric curve and overlaid on Fig. 2  (solid and dashed gray lines) . The DPs for SL1 and SL2 are given by ͕0.433, 5.81͖ and ͕−0.167, −5.69͖, respectively. By plotting two straight lines = 5.81 and = −5.69 in Fig. 2 , corresponding to the coordinate of the DP, we can determine that SL1 and SL2 are decorrelated at ⌬z l =14 m and 4.75 m, respectively (it is completely equivalent to use the ␣ coordinate instead). We note that the amount the lens can be moved before total decorrelation depends on the initial position of the lens.
Fractional Fourier Transform System. Finally, we briefly examine phase-space speckle size for an FRT system, referring the reader to [6, 16, 17] for suitable definitions of A and B. Setting L = 10 cm, = 488 nm, f = 10 cm, and x = 2 mm, we construct an FRT system of fractional angle = 2.2 rad (order 1.4) as in [6] . The variables ␣ and again vary as a function of ⌬, and it can be shown that total decorrelation occurs when ⌬ =27 rad. A central assumption in the interpretation of the experimental results presented in [6] was that the speckle fields at the output of an FRT system of fractional angle 2.2 and rad would be uncorrelated with respect to each other. We note that this assumption is supported by the analysis presented here.
In relation to the FRT it is interesting to note that, since there is no mathematical difference between an FRT system of angle ␤ and 2 + ␤, we could expect speckle fields produced by two physically different (but lossless) optical systems to be perfectly correlated and repeat periodically every 2. This assumes, however, that no light is lost from the system, which may not be achievable in practice.
Obtaining high fringe contrast and low speckle noise in speckle interferometry requires balancing the lateral speckle size and camera pixel area with the expected error introduced by undesired in-plane displacement of the sample under investigation [18] . This is typically controlled by adjusting the size of the limiting aperture in the system [18] . If the limiting aperture is small, the system will be more sensitive to decorrelation introduced by an unintentional tilting of the sample under investigation [2, 4, 5] . The results derived in this Letter are applicable to apertures in optical systems if it can be assumed that the coherence area of the field in the aperture plane is very small compared with the size of the aperture area [4, 5, 13] . Using Eq. (6) we can control the lateral size of the speckle in the observation plane by using lenses and free space as well as the limiting aperture size. With this extra flexibility it may be possible to design a speckle interferometry system with both high fringe contrast and low speckle noise that allows the user control over the effect of errors introduced by unintentional tilting of the sample under investigation.
